The connection between resonant metastable states and bound states with changing potential strength in the presence of a Coulomb potential is fundamentally different from the case of short-range potentials. This phenomenon is central to the physics of dissociative recombination of electrons with molecular cations. Here, it is verified computationally that there is no direct connection between the resonance pole of the S-matrix and any pole in the bound state spectrum. A detailed analysis is presented of the analytic structure of the scattering matrix in which the resonance pole remains distinct in the complex k-plane while a new state appears in the bound state spectrum. A formulation of quantum defect theory is developed based on the scattering matrix which nonetheless exposes a close analytic relation between the resonant and bound state poles, and thereby reveals the connection between quantum defect theory and analytic S-matrix theory in the complex energy and momentum planes. One-channel and multi-channel versions of the expressions with numerical examples for simple models are given and the formalism is applied to give a unified picture of ab initio electronic structure and scattering calculations for e-O + 2 and e-H + 2 scattering.
Introduction
A central concept of collision theory is idea that bound states can become metastable states with finite lifetimes (scattering resonances) and vice versa as the strength of the interaction potential is varied, and this is the subject of classic textbook discussions of scattering theory. 1, 2 This phenomenon is well known in electron-molecule scattering, where it provides the mechanism for dissociative attachment of electrons to molecules and dissociative recombination (DR) of electrons to molecular cations,
This process has of course been the subject of many theoretical studies. [3] [4] [5] [6] [7] [8] [9] [10] In these treatments a recurring theme is the connection of the lifetime of the relevant autoionizing electronic states to the spectrum of the electronic Hamiltonian at molecular geometries where the corresponding bound states of the molecule appear.
The idea that the two states are continuously connected is almost always implicit in these treatments, even though Domcke 11 noted that no such continuous connection exists in a beautiful study in 1983 that seems to have received little attention. At the time of that study it had been known at least since 1977 that the width, and therefore the lifetime, of an autoionizing state is finite even when the real part of its energy is zero, as Miller and Morgner 12 showed on the basis of a semiclassical analysis.
Not withstanding this context, remarkable progress has been made in decades of work on the treatment of dissociative recombination by the application of quantum defect theory [13] [14] [15] in many studies and calculations of dissociative recombination cross sections, 4, 6, 9, 10, 16 which owe a great deal to the foundational work of Giusti 3 in 1980. In these applications quantum defect theory makes a powerful and useful connection between the Rydberg states of a neutral molecule and electron-ion scattering described by the S-matrix at (real-valued) low energies. However, Domcke's analysis 11 suggests that in general there is no direct analytical connection between the the poles of the S-matrix corresponding to autoionizing states and those corresponding to the appearance of new bound states with which they might be associated, and therefore raises the question of how to reconcile quantum defect theory with the formal theory of the analytic structure of the S-matrix.
Here we analyze the connection between resonance states in the presence of Coulomb potentials, and provide a formulation of quantum defect theory for both one-channel and multichannel cases that unifies it with analytic Smatrix theory. The working equations of the present formulation are somewhat different, in particular for the multichannel case, from those of the traditional formulation, but they give the same physical states at real values of the energy while offering a complete analytic continuation into the complex energy and momentum planes. We demonstrate this form of the theory for exactly solvable one-and three-channel models. We also exploit the complex pole structure of this theory to give a unified picture of the results of ab initio electronic structure calculations of the quantum defects as a function of internuclear distance and the S-matrices calculated in ab initio electron scattering calculations for the cases of electron scattering from the O + 2 and H + 2 ions. In a separate, but related, context, several methods [17] [18] [19] [20] have been proposed for computing the lifetimes of resonances in electron scattering from neutral molecules by converting them into bound states by the addition of an attractive Coulomb potential, and then analytically Figure 1 : Sketch of the classic behavior in the momentum plane of resonance and bound state poles and the corresponding zeros of the Smatrix with varying potential strength in scattering from a short range potential with nonzero angular momentum. The red lines correspond to the trajectories of the poles and the blue lines correspond to the trajectories of the zeros.
continuing the resulting bound state energies as functions of the effective charge back to zero charge. These procedures have had apparent success by treating the resonance and bound pole trajectories explicitly as though they were related to one another as in the classic case of scattering from short range potential. In that case resonance and bound state poles interconvert as the potential strength is varied in the way sketched in Fig. 1 , where there are two resonances or two bound states (for nonzero angular momentum) that interconvert as a function of potential strength, λ, with a characteristic square root branch behavior, 1,2 k pole ≈ ±i a(λ−λ 0 ) 1/2 . It has been pointed out recently that this procedure is not well founded because the pole corresponding to a resonance in the presence of a Coulomb potential cannot move continuously to become a bound state pole. 21 However no answer has been given to the question of why such an analytic continuation procedure involving the addition of Coulomb potentials can ever be apparently successful.
In this paper we seek to shed some light on these questions. We begin in Section 2 with an analytically solvable model problem that we analyze in detail without making the approxi-mations specific to small values of the scattering momentum, k, that Domcke used in his original study. That analysis allows us to construct a somewhat more explicit mathematical and numerical picture of the properties and motion of the poles of the S-matrix that we suggest reflects the more general physical situation. In Section 3 we develop an explicit connection of the poles of the S-matrix to quantum defect theory for single-channel problems. We discuss how to parameterize the pole and zero structure and fit computed data. We then give an example which can be solved exactly in the complex k-plane as well as a real molecular example, the 1 Σ + u resonance in e-O + 2 , where we parameterize the resonance based on bound state and scattering calculations at real energies. In Sec. 4 we give the analogous expressions for multichannel systems and consider both an exactly solvable model problem and an ab initio treatment of the 1 Σ + g resonance in e-H + 2 . Finally, in Sec. 5 we give some concluding remarks.
Interplay of resonances and bound states in the presence of a Coulomb potential
We will begin by analyzing bound states and resonance poles of the S-matrix for a squarewell plus attractive Coulomb potential with the product of the projectile and target charges being Z = −1,
The plot of this potential in Fig. 2 reveals immediately why a resonance trapped behind the barrier will have a finite width as the well is deepened by increasing V 0 to the point where it has zero energy. Unlike the case of any short range potential, where the centrifugal barrier will be of infinite range at zero energy, the barrier in this case is of finite width at E = 0. This is a simple example of the class of "short &   '  2  3  4  5  6  %  7  '  8  9  6  %  7  :  6  ;   '  2  6  ;  <  9  =  9  >  ' ? > = > 6 Figure 2 : Potential for the radial square well plus an attractive Coulomb potential as defined in Eq. (2) with l = 4, Z = −1, r 0 = 3 for V 0 = 2.1984. The energy levels of the Rydberg states are given by the green horizontal line and the red line indicates the energy of a near threshold scattering resonance illustrating that the width of the tunneling barrier is finite as the resonance energy approaches zero due to the presence of the strong Coulomb potential outside the range of the attractive square-well potential.
range plus Coulomb" problems that are familiar from standard textbook discussions of Coulomb scattering. The partial wave S-matrix for the complete scattering problem can be written 1 in terms of the Coulomb phase shift, η l = arg Γ(l+ 1 + in) with n ≡ Z/k,
The phase shift due to the addition of the shortrange potential determines the short-range Smatrix, S SR l = exp(2iδ l ), and it has poles at the bound states and resonances of the system. The properties of the Γ function in the complex plane result in the Coulomb factor, exp(2iη l ), having no poles except at the bound states of the pure Coulomb potential.
The short-range S-matrix is determined by matching the solutions of the radial Schrödinger equation (atomic units throughout unless oth-3 erwise indicated),
(4) for r < r 0 and r > r 0 in terms of the Coulomb functions given in Appendix A,
We find the short-range S-matrix
where W r 0 [f, g] is the Wronskian,
This expression can be simplfied and written in terms of Whittaker functions 22 as
with the denominator function,
The Wronskian in Eq.(10) can be evaluated analytically in terms of Whittaker functions with different arguments. Some aspects of the analytic structure of the S-matrix in Eq.(9) are apparent on inspection. The Whittaker function M κ,µ (z) is a single valued function, but W −in,l+1/2 (−2ikr) is manyvalued because it has a logarithmic singularity at k = 0 and an associated branch cut which we will take to lie on the negative imaginary k axis. With that convention the numerator and denominator of S SR l (k) satisfy a reflection rela- tion
This is the reflection relation satisfied in general by the Jost function, 1,2 but here there is an important subtlety. This relation arises explicitly in Eq.(10) because of (1) the analytic continuation relation 22 satisfied by the Whittaker function, M κ,µ (ze ±iπ ) = ±ie ±iπµ M −κ,µ (z), and (2) the fact that W −in,l+1/2 (−2ikr) satisfies the same reflection relation with our choice of branch cut convention. The branch cut in D l (k) on the negative imaginary k-axis is a branch cut of S SR l (k), which also has a branch cut on the positive imaginary axis associated with its numerator, D l (−k). These branch cuts of the Smatrix on both the positive and negative imaginary k-axes will be seen below to play an important role in the trajectories of the resonance poles of S SR l (k). The second observation we can make immediately about the S-matrix is that it has a set of zeros and poles that are fixed and do not move as functions of the potential strength, V 0 . The Γ function prefactor Γ(l+1−in) in the numerator of S SR l (k) has poles at k = iZ/(m + l + 1) for in- teger m ≥ 0, while the factor in the denominator Γ(l+1+in) has poles at k = −iZ/(m+l+1).
For Z < 0 that means that the numerator has poles on the negative imaginary k-axes that do not move with changing V 0 or r 0 . It also has fixed zeros at the mirror images of those locations on the positive imaginary k axis. The Gamma function factor Γ(l + 1 + in) in D l (k) has no zeros in the complex k-plane, so it does not produce any poles of S. So the zeros of the Wronskian in Eq.(10) are the physically relevant poles and zeros of S(k), and we now turn our attention to them. In Fig. 3 we show the trajectory of the zeros and poles of S SR in the complex k-plane as a function of the well depth, V 0 , for the onedimensional problem defined by Eqs. (2) and (4), with l = 4, Z = −1, and r 0 = 3. This figure does not include the poles due to the bound Coulomb states which are on the positive imaginary k-axis. We can see that as the well is made deeper, the pole approaches the origin, but then it moves further away from the real axis and does not become a bound state. The corresponding zero of the S-matrix moves upwards near the positive imaginary k axis where it can perturb the positions of the poles in the S matrix which occur on the positive imaginary k-axis.
In Fig. 4 we can see that in this problem, with high angular momentum, the width of the resonance changes rapidly as the resonance approaches zero energy. The real part of the resonance energy is nearly a linear function of the potential strength V 0 and goes through zero at V 0 = 2.1894, while the width remains finite at that point. Note that, in the plots of various functions in the E-plane, for a given E we select the corresponding k needed to compute Q by taking the branch cut along the negative imaginary Eaxis so that in quadrants one through three we will use k in the physical upper-half plane and in quadrant four of the E-plane we will take k from the unphysical half-plane. reason, and to develop the general ideas that we will apply to the multichannel case, we turn now to the formal connection between the poles of the S-matrix and the quantum defects for a single channel problem. Once we have established that connection and developed a compact and accurate parametrization of it in terms of the motion of the poles and zeros of the Smatrix, we can turn to its application to the case of electron attachment to the O + 2 ion. The result, presented in Section 3.4 below, is a unified representation of the results of ab initio bound state and scattering calculations not previously achieved.
General single-channel expressions
The asymptotic form of the f ± l Coulomb functions given in Appendix A are
where ρ c = kr − n ln 2kr. In this section, we will only consider the case where the scattering potential is spherically symmetric, so that the different partial waves are decoupled. Then we can write the asymptotic form of the scattering states in terms of the partial-wave S-matrix, S l , as
This can be equivalently written in tems of the quantum defect, µ l (k), as pointed out in the clear analysis of Chernov et al., 15
6 with ν = iZ/k. Now if we define the shortrange S-matrix, S SR , by
so that, in terms of the short range scattering phase shift, we have
The short-range S-matrix can be written in terms of the quantum defect as
On the positive imaginary k-axis, where ν and µ are real numbers, this clearly leads to zeros in S SR at the hydrogenic energies, i.e ν + l = p where p is an integer, and poles at the bound states, i.e. where ν + l − µ = p. Now, by analogy to the relationship between the scattering phase-shift δ l (k) which is related to the shortrange S-matrix, we can define an M -matrix related to the quantum defect by
Then the relationship between the S SR and M is given by
where
or in terms of quantum defects and short-range scattering phase shifts we have
Note that Eq. (22) is identical to Eq. (33) in the paper by Chernov et al. 15 While S SR l (k) has both poles and zeros on the positive imaginary k-axis, the analytic structure of M l (k) is much simpler there. The central idea of quantum defect theory is to construct quantities determined entirely by the S-matrix for which a more straight-forward and functionally smooth connection can be made between real energies corresponding to the bound region (positive imaginary k) and real energies in the continuum (positive real k). Here we examine the analytic continuation of such expressions to the entirety of the complex k-plane, which exposes their connection to the poles of the Smatrix and provides a parametrization in terms of them.
From Eq. (22) we can easily see that M ≈ S SR when |Q| << 1 or Re(−2πZ/k) >> 1. In Fig. 5 we show |Q| in both the k and E planes which indicate the range of momenta and energies over which one can approximate S SR by M . We also indicate the region of the k and E planes where Q is growing exponentially. In that region, Eq. (20) cannot be evaluated accurately using finite precision arithmetic since when Q is large the value of M l depends on the difference between S l and 1, which is a small number on the order of 1/|Q|. Also when S SR l = 0 we have M l = 0 except at the hydrogenic energies where 2πZ/k = ip2π. Note that the zeros in S SR l at positive imaginary value of k are introduced in the transformation from the full S matrix as given in Eq. (16) and are not present in S l whereas the poles in S SR l and S l are at the same values of k. It is also clear from this equation that lim k→0 + exp (−2iδ l (k)) = lim κ→0 + exp (−2iπµ l (iκ)) (23) when Z < 0, which is the well-known result from Seaton. 23 
Parameterization of resonances with the singlechannel quantum defect M l
In the presence of a narrow resonance, the usual approach to characterizing the S SR l matrix in the region of a resonance is using a single-pole single-zero form 2
where δ bg is the background phase shift and k res is the complex momentum at the location of the pole in S SR l . This approximation enforces the unitarity on S SR l for real values of k. Note that in this form there is a corresponding zero in S SR l at k * res . In a similar fashion we can parameterize M l using
This approximation to M l enforces unitarity for both purely real and purely imaginary values of k. The unitarity of M l for purely imaginary values of k guarantees that the quantum defect will be real as needed for bound states to occur at real energies. The unitarity of S SR l at real values of k guarantees that M l will be unitary when the real part of k is not too large. This expression for M l can be rewritten in terms of energy to give
Then the scattering phase shift or quantum defect at real energy can be extracted using the usual Breit-Wigner form 24
where Γ = −2 Im(E res ).
Simple one-channel squarewell model
We have computed the M l function using Eq. (20) for the one-channel model described in Sec. 2 by Eqs. (2) and (4) with l = 4, Z = −1, r 0 = 3, and V 0 varying from 2.15 to 2.21. In Fig. 6 we show the absolute value of S l and M l in the upper half of the complex k-plane with V 0 = 2.20. We can see that, along the positive Im(k) axis, S SR l has a series of poles and zeros which correspond to the poles of the actual Rydberg states and the zeros at the hydrogenic energies caused by the Γ(l +1−in) function in the denominator of Eq. (3), as discussed above. M l , in contrast to S l , is a smooth function with only one zero in the first quadrant of the complex kplane, with k = 0.001778 + i0.1198 or, in terms of the energy, at E = −0.007171 + i0.0001065 and a corresponding pole in the second quad-rant of the complex k-plane. As seen in Fig. 3 , the real part of the energy of this zero, also found in S SR l , will move to higher energy as the value of V 0 is decreased.
In Fig. 7 , we plot the quantum defects and scattering phases computed from M l for this problem for a series of potential strengths. We can see that for this model, the width of the resonance increases as the potential is made weaker. Additionally, we plot the results of using Eq. (25) to model the behavior of M l at real energies. The values of k res used in the expression were those shown in Fig. 3 , which were obtained by solving for the zeros and poles of S l and M l as a function of V 0 . Additionally, a small energy-independent background phase was added to obtain a good fit. This result shows that Eq. (25) provides a good description of how the poles and zeros in S l and M l determine the behavior of the eigenphases and quantum defects at real energies. This also suggests that Eq. (25) could be used to take scattering phases and quantum defects at real energies an infer the location of the resonance poles and zeros.
It is instructive to note that the behavior of the poles and zeros of the one-channel Mmatrix in the complex k-plane is similar to the behavior of the poles and zeros of an S-matrix in multichannel scattering with short-range potentials as described by Newton 25 where a kplane diagram appears similar to the lower half of Fig. 3 . While that subject is in general quite complicated, we can see an analogy with the single-channel Coulomb scattering case by considering a three channel case with only shortrange potentials and three different thresholds, E 1 < E 2 < E 3 in the context of Newton's analysis. Assume that there is a resonance caused by a nearly bound state in channel 3 but through coupling to the open channels 1 and 2 has a finite lifetime such that a pole in the S matrix occurs between the second and third thresholds at E res and that E 2 < Re(E res ) < E 3 and Im(E res ) < 0. In that case, the position of the resonance will be described with k 1 and k 2 being on the unphysical lower half of the complex k-plane, i.e. with Im(k 1 ) < 0 and Im(k 2 ) < 0, while k 3 is on the physical upper half plane with Im(k 3 ) > 0. Now if the potential is made more attractive without shifting the thresholds, the energy of the resonant state can be lowered so that E 1 < Re(E res ) < E 2 so that the resonance lies between the first two thresholds. Now the only open channel is channel 1. The pole that corresponds to this resonance will then have Im(k 1 ) < 0 but both Im(k 2 ) > 0 and Im(k 3 ) > 0. The width of the resonance does not go through zero as channel 2 is closed so that the trajectory of the pole in the k 2 -plane cannot go through the origin. Thus the pole in the complex k 2 -plane when channel 2 is closed does not connect to the pole in the k 2 -plane when channel 2 is open.
In a similar fashion for the Coulomb plus short range problem, the width of the resonant state, which causes the pole in the M -matrix, does not go to zero as the energy of the resonance goes below the last threshold. Thus the trajectory of the pole in the complex k-plane cannot go through the origin. However there is a new pole in the M matrix which appears in the second quadrant, i.e. the physical part of the of the complex k-plane which then moves close to the positive imaginary k-axis as the short range potential becomes more attractive. Note that this behavior is only seen in the Mmatrix and not in S SR .
One-channel treatment of e-O + 2 scattering
Here we apply the one-channel M -matrix analysis of Section 3.1 to the 1 Σ + u resonance in e-O + 2 scattering. The direct dissociative recombination in e-O + 2 scattering is believed to be proceed through a doubly-excited (Feshbach) resonance of 1 Σ + u symmetry which is formed in the collision of a low-energy electron with the O + 2 molecule in its X 2 Π g ground state. 4 The main electronic configuration in the ion is . . . 3σ 2 g 1π 4 u 1π g while that of the resonant 1 Σ + u state is . . . 3σ 2 g 1π 3 u 1π 3 g . 26 In this case we can use the parametrization of Section 3.2 to extract the trajectory of the pole and zero in the S-matrix, and the corresponding M -matrix, to illustrate how the scattering resonance is converted into a pole and zero combination in the ! " M -matrix below threshold. This structure in the M -matrix causes a resonance structure in the quantum defect which is reflected in shifts in the Rydberg energies as a function of molecular geometry.
Both the scattering and the bound state calculations of this process were performed with a one-electron basis that contained a triple-zeta with polarization basis on the oxygen atoms 27 plus 16 additional p functions at the bond center, chosen with exponents in a geometric series ranging from α = 0.12 to 0.000056. The molecular orbitals were obtained from a multiconfiguration self consistent field calculation on O + 2 ( 2 Π g ). Ten target orbitals were included: three σ g , three σ u , one π ux , one π uy , one π gx and one π gy . The MCSCF wave function only contained configurations in which the three σ g and two of the σ u orbitals were doubly occupied. The bound Rydberg and scattering states of overall 1 Σ + u symmetry were then constructed by doubly occupying the first five ion orbitals and allowing the remaining six electrons to occupy the remaining active and virtual orbitals, with the restriction that no more than one electron occupy a virtual orbital. The scattering calculations were performed using the complex Kohn method. 28 In Fig. 8 we plot the l = 1 partial-wave scattering phases and quantum defects from l = 1 Rydberg state energies of 1 Σ + u symmetry near the resonance in e-O + 2 on a grid of geometries with R O-O = 2.2 Bohr to 2.45 Bohr. The lines presented there are Breit-Wigner forms given in Eq. (27) that have been fit to the computed data. The results for each geometry were fit separately with the background scattering represented as a quadratic function of E. The resulting real parts of the resonance energies relative to the ionization potential of O 2 and the widths are plotted as a function of R in Fig. 9 . The results are compared to the computed results of Guberman and Giusti-Suzor. 4 We see that the position of our computed resonances are at a slightly higher energy for a given geometry and our computed widths are close to those obtained by Guberman and Giusti-Suzor. However, in the present calculations we see that there is some structure near the geometry where resonance is at threshold, which however is not fully resolved here. These extracted energy parameters are replotted as trajectories of zeros and poles in the complex k-plane in Fig. 10 . The zero and pole trajectories found here are very close to those extracted from the previously published data. The results presented here indicate that we have achieved a combined bound state and scattering calculation unlike any previous study.
Relation of the poles and zeros of the multichannel S-matrix to quantum defect theory
With the analysis of the analytic structure of single-channel quantum defect theory in the complex momentum and energy planes in hand, we proceed to apply the same ideas to the multichannel case. The resulting working equations depart from the traditional formulation of multichannel quantum defect theory, and, while being functionally equivalent for real values of the energy, they expose the connection to the mo- tion of the poles and zeros of the multichannel S-matrix. Dissociative electron attachment to the H + 2 ion via the 1 Σ g resonance that is dominated by the 1σ 2 u configuration can be treated as a three-channel problem. Application of this formulation in Section 4.4 below allows us to construct a unified description of ab initio electronic structure and scattering calculations that reveals the motion of the relevant pole and zero of the S-matrix.
Multichannel expressions
The single-channel expressions given in the preceding section can be generalized to the case of multiple coupled channels where the additional coupled channels can correspond to different asymptotic angular momenta of the Rydberg or scattered electrons with the same core electronic state or with different core electronic states. First we define energy-normalized F ± i functions which are closely related to the f ± l functions used in the previous section but are now indexed by the channel, i, 
where k i = 2(E − E i ) is the asymptotic momentum in channel i, E i is the threshold for channel i, and (l i , m i ) are the asymptotic angular momentum quantum numbers of the electron in channel i. Using these functions, the asymptotic form of the multichannel partialwave scattering state, ψ S j ( r), can be written in terms of the short-range S SR -matrix, and will have the form
where j is the index of the channel containing the homogeneous solution of the Schrodinger equation.
To construct a multichannel quantum-defect matrix we define an alternative pair of linearly independent Coulomb functions
where, for real energies,Q i is defined as
where, as in the one channel case, ν i = iZ/k i . We can now define the multi-channel version of the quantum defect M -matrix in terms of the asymptotic form of the wave function using
(34) Matching asymptotic forms given in Eq. (30), we can see that the relationship between S SR andM is
where theQ matrices are diagonal, with elements given above, i.e.Q i,j = δ i,jQi . Note that the square-root terms in Eq.
do not introduce any sign ambiguity as long as both such factors take the same branch of the square-root function. The relationship can be inverted to givẽ
By construction, we see that the complex symmetric S SR -matrix will always lead to a complex symmetricM-matrix.
In general, when all channels are closed, the condition for a bound state is that asymptotically the wave function only contains exponentially decaying radial functions. On the physical upper-half of the complex k-plane, i.e. where Im(k i ) ≥ 0, bound states occur at real energies when the wave functions do not contain any asymptotic contribution from the F − functions, which are exponentially growing. From Eq. (30), we can see that bound states will then occur when det S SR −1 = 0. Similarly, in terms of theM-matrix, the bound states will occur when
In addition to the solutions of Eq. (37) which occur at the correct bound states, there are also solutions which occur at unphysical hydrogenic energies in each channel, i.e. where
where n is an integer and n ≤ l i . These occur because of the definition of Q which causes Q i = 1 both at the energy of true hydrogenic energies and at the unphysical energies where n ≤ l i . At the energies of the true hydrogenic states, the corresponding zeros on the diagonals of 1 −Q just cancel out the zeros that occur in S SR . Then at the unphysical hydrogenic energies (n ≤ l i ) this definition of Q leads to unphysical solutions of Eq. (37) . The unphysical solutions of Eq. (37) can be avoided by searching for solutions of the modified equation
If all channels are open, then we haveQ = 0 so that from Eq. (36) we see thatM = S SR The definition ofQ i given in Eq. (33) is only appropriate at real energies. However the objective of the present study is to consider the analytic continuation of the S matrix into the complex E-plane near channel thresholds. For this purpose we define a modified Q with diagonal elements given by
Then we can define an alternate quantum defect matrix M, in analogy to Eq. (36), as
where the inverse relationship between M and S SR is
(43) which is obtained from Eq. (35) by removing the tildes. Note that, when there is only one channel, M is the same as M l given in Eq. (20) . If all of the channels are closed, the definition of Q is exactly the same at real energies asQ from Eq. (33) so that at real energies M =M. Then the condition for the bound states found in Eq. (39) can be rewritten as 
Parameterization of the multichannel quantum defect M
The M-matrix has many properties of a scattering S SR matrix. It is complex symmetric, and at real energies its eigenvalues have unit norm. Thus we can parameterize M using a real-symmetric K-matrix where
where we have explicitly included the source of the unphysical roots found in Eq. (37) using
where, for real energies, K is a real symmetric matrix that varies slowly with energy.
In general for a system where a set of quantum defects and scattering matrices have been computed, we will then want to extract the values of the K matrix by fitting the computed data. For the bound part of the spectrum we can fit the solutions of Eq. o should be fit to scattering data. Computing the S SR o from the full M matrix is the same as "elimination" of the closed channels found in the standard Kmatrix quantum defect theory. 29 
The M-matrix for a simple three-channel model
To illustrate the multi-channel version of the M -matrix theory of quantum defects we will first consider an exactly-solvable simple model constructed from square-wells where the coupled-channel Schrodinger is
and using a potential of the form
where in this study we will take l 1 = 0, l 2 = 2, l 3 = 1, Z = −1, E 1 = E 2 = 0, E 3 = 0.7, and r 0 = 3. The short-range potential was parameterized with V SR 1,1 = −0.6, V SR 1,2 = V SR 2,1 = 0, V SR 1,3 = V SR 3,1 = 0.2,V SR 2,2 = 0.35 with V SR 3,3 being varied, with a typical vallue being -0.7. In this model, all three channels are closed with 13 E < 0, the l = 0 and l = 2 channels are open and the l = 1 channel is closed for 0 < E < 0.7. For a range of V 3,3 values there is a resonance which occurs for just above E > 0 in addition to the Rydberg resonances which occur just below the last threshold at E 3 = 0.7. As V 3,3 becomes more negative the lowest resonance from the l = 1 channel moves below E = 0 and perturbs the Rydberg states in the other two channels. This model is similar to the e-H + 2 problem considered below in Sec. 4.4 with the same number of channels and the same asymptotic partial waves and with variations in V 3,3 shifting the energy of the resonance in analogy to changing the bond length in the molecular case.
With a multi-channel S-matrix, the behavior of individual matrix elements does not generally provide a basis for the analysis of the bound states and resonances. Instead we will use det(S SR ) and det(M). First, in Fig. 11 we show the three-dimensional plots of det S SR and |det (M)| in the energy plane for V 3,3 = −0.7. In these calculations we have chosen the branch-cut in the complex energy plane to be on the negative imaginary energy axis, as indicated in the lower panel of Fig. 5 . With this choice, the S and M functions smoothly connect in the region of the real energy axis but can have discontinuities across the negative imaginary energy axis. We can see that | det S SR |, which uses the full 3 × 3 matrix including both open and closed channels, contains a pole at an energy above zero but below E 3 . Additionally, the | det S SR o | determined from the 2 × 2 open channel sub-matrix has the same pole structure and additionally there is a corresponding zero in the first quadrant of the complex E-plane. Note that with closed channels, S SR is no longer unitary at real energies. However, at positive real energies with 0 < E < 0.7 the open channel S SR o is unitary so that a pole at E res − iΓ/2 must be paired with a zero at E res + iΓ/2, as seen in the lower-left panel of Fig. 11 .
On the right hand side of Fig. 11 we show the corresponding plots for |det (M)| and |det (M o )|, obtained from Eq. (42) with S SR o replacing S SR . |det (M)| has no structure and is smoothly varying over the range of energies presented. This is what one would expect from a quantum-defect treatment where all of the structure due to interactions with closed channels has been removed with the transformation given in Eq. (42). In the lower right panel of the figure we show |det (M o )| which is computed from the open channel S-matrix. We can see here that, above the threshold for the open channels at E = 0, |det (M o )| is the same as | det S SR o |. Then below that energy, the poles and zeros have been removed in the M -matrix. Thus the three-channel problem can be analyzed using M in which all of the resonances and bound states due to the interaction of Rydberg states found in S SR have been removed in the transformation to M. Alternatively, the isolated resonance in the third channel above the E = 0 threshold can be treated using M o where the resonance will appear as a pole-zero combination which will then move as a function of the parameters of the problem. The fact that M o contains the zero and pole structure coming from an isolated closed-channel resonance is the reason that we could successfully model the e-O + 2 resonance problem in Sec. 3.4, which is inherently at least a two channel problem with one open and one closed channel, as a one-channel problem.
Just as we did in the case of the single channel model considered in Sec. 3.3, we can follow the behavior of the prominent resonance seen in Fig. 11 as a function of the potential strength parameter V 3,3 using the M o representation. In Fig. 12 we see the trajectory of the resonance in the complex k-plane, where k is the momentum in the two channels that have thresholds at E = 0. As in the one-channel case the trajectory of this isolated resonance does not pass through the origin but has the pole moving to larger negative imaginary parts of k as the zero moves towards larger positive imaginary k where it interacts with the Rydberg states below the E = 0 threshold. In Fig. 13 we plot the real part of the resonance energy and the width of the resonance as a function of V 3, 3 . We see that the real part of the resonance energy becomes negative at V 3,3 = −0.804. The resonance width at the threshold of this Feshbach resonance is fairly broad but becomes narrower Fig. (5) , the plotted results have been interpolated from regions where the numerical calculations were stable. as the energy of the zero moves to more negative values with the value of V 3,3 becoming more negative.
Three-channel analysis of e-H + 2 scattering
A molecular system that can be represented as a three-channel probelm is the resonance in 1 Σ + g symmetry in e-H + 2 scattering. [30] [31] [32] This is the smallest molecular system which can exhibit Feshbach type resonances and can be accurately treated using ab initio methods. In this problem, both above and below the threshold for ionization of H 2 , the 1 Σ + g resonance, which is dominated by the 1σ 2 u configuration, couples strongly with the l = 0 and l = 2 continua above the ionization threshold and the corresponding l = 0 and l = 2 Rydberg states below threshold. Thus the description of the 1 Σ + g resonance is dominated by the three channels with configurations (1σ g )(ksσ g ), (1σ g )(kdσ g ), and (1σ u )(kpσ u ). 32 At H 2 bond distances less than 2.7 Bohr the resonance appears in the scattering and at longer bond lengths the resonance appears as a perturbation of the ns and nd Rydberg series.
In all bound states computed for this system we used a one-electron basis that con- tained an aug-cc-pVTZ basis set on the hydrogen atoms 33,34 plus additional s, p, and d basis functions at the bond center, optimized to represent Rydberg states, 35 with nine functions with exponents ranging from α = 0.01125 to 0.0003318 for l = 0, ten functions with exponents ranging from α = 0.06054 to 0.0007901 for l = 2, and two diffuse l = 1 functions with α = 0.04234 and 0.01925. The scattering was computed using a coupled channel representation of the wave function 36, 37 with the targets being the lowest seven eigenstates of H + 2 including three 2 Σ + g states, two 2 Σ + u states, one 2 Π u state, and one 2 Π g state. The bound state calculation of the Rydberg states of 1 Σ + g symmetry had up to two electrons in the seven target states and up to one electron in the virtual orbitals.
The scattering and bound states of 1 Σ + g symmetry were computed at a range of R H-H distances from 2.0 to 3.2 Bohr which spans the range of bond distance where the resonance transitions from being a scattering resonance to a perturbation of the Rydberg series. At each value of R H-H the scattering S SR o was computed for energies from the threshold for ionization leading to the ground state of H + 2 up to 3.25 eV below the threshold leading to the 2 Σ + u ion state. Below the ionization threshold the s and d Rydberg series were computed up to n = 6. 24, 38 we found that, to parameterize both bound and continuum energies, fitting the 3 × 3 K-matrix as defined in Eqs. (45) and (46) led to fewer parameters and a consistent treatment of the data. For each value of R H-H , a 3 × 3 K-matrix was fit using energy-independent values of K 1,2 , K 2,2 , K 3,3 and using K 1,1 , K 1,3 , K 2,3 which were assumed to depend linearly on E. For the scattering energies, the assumed K-matrix was then used to compute M using Eqs. (45) and (46), which was then used to compute S SR using Eq. (43) from which S SR o was extracted. Additionally, the positions of the bound states were found by solving Eq (44). The nine parameters used to define K at a given R H-H were optimized to obtain the best least-squares agreement between the computed and model S SR o and bound state energies.
In Fig. 14 we show the computed resonance positions and resonance widths as a function of R H-H and compare our values to previously published results for the energy of the scattering resonance 30 and the width. 30, 31 Note that in Ref. 31 the width, estimated from an exterior complex scaling (ECS) calculation, is given for a geometry where the resonance has gone below the threshold. The agreement between our computed resonance positions and those obtained from R-matrix scattering calculations is very good 30 although our computed widths between R = 2.3 and 2.6 Bohr increase linearly while those from the R-matrix calculations increase somewhat less rapidly. The qualitative behavior of widths from Ref. 31 is similar to what is found here, i.e. the total width rises as the bond get longer until the resonance goes below threshold at which point the width of the resonance becomes narrower. Our computed resonance widths and energies have been plotted in Fig. 15 as the trajectory of the zeros and poles of the M matrix.
Using the computed M o at the series of R values considered here, we then extracted partial widths for the resonance for decaying into the sσ g and dσ g channels using the multichannel extension of the Breit-Wigner form. 24, 38 Morales et al. 31 also calculated partial widths using a Figure 16 : Partial widths of the 1 Σ + g resonant state of the e-H + 2 system extracted from M o as a function R H-H . Both the widths for decay into the sσ g and dσ g channels are given. Our results are compared to the partial widths computed using Feshbach projection from Ref. 31 Feshbach projection operator method and in Fig. 16 our computed partial widths are presented and are compared to those of. 31 In these fits to extract the partial widths, the total width was not constrained to exactly match the width obtained from the zeros and poles of the M o matrix. We found that the total width from the Breit-Wigner fits differed from the width from the zeros and poles in M o with a rootmean-square error of 0.1 eV. The present results exhibit the same behavior as was found in the Feshbach projection results, with the sσ g being much smaller than the dσ g width for positive energies. Using the M o matrix continuation to the bound spectrum, we find that the sσ g width approaches the dσ g at negative energy.
Conclusion
We have seen that in the case of a scattering problem with a long-range Coulomb potential, the widths of resonances in the scattering do not go to zero as the resonance moves below the scattering threshold. In the complex k-plane the poles in the S-matrix, which correspond to scattering resonances, do not smoothly connect with poles that correspond to bound states. In analogy with the standard quantum-defect theory, we have defined an M -matrix from which the bound state energies can be extracted and which smoothly connects with the S-matrix above threshold. This M -matrix is obtained using an alternative pair of linearly independent pair of Coulomb functions. An analysis of the behavior of the M matrix shows that it agrees with the S matrix above threshold and has the same pole and zero structure at positive energies. Below threshold the poles and zeros in S SR have been removed in the definition of the M -matrix and the resulting quantum defects are seen to have a Breit-Wigner like behavior in the presence of a resonant state. We have also presented a multichannel extension of the one-channel M -matrix which has analytic properties very similar to the one channel version.
Although the procedures, discussed in the Introduction, for obtaining resonance resonances parameters for neutral molecules using partial charges may give useful results , [17] [18] [19] [20] there is no analytic connection between any bound states poles in the presence of a long-range Coulomb potential and resonant states above threshold.
The introduction of the M -matrix provides a way to parameterize the behavior of the Rydberg energy levels at negative energies and scattering S-matrices at positive energies using the same functional form. Considering two prototypical examples, we have seen how combined fits of scattering and bound state data can be performed in both single channel and multichannel cases. The same ideas in principle allow the practical reconstruction via analytic continuation of the motion of the poles of the S-matrix from the behavior of quantum defects alone, at least near the relevant scattering thresholds.
